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Unit XI » Activity 1

An Introduction to Graphs,

Part |

Prerequisite Activity
Unit IX, Picturing Algebra.

Materials

Red and black bicolored counting pieces,
Algebra Pieces, masters and activity sheets
as noted.

1. Distribute counting pieces to the students. Have them
form an extended sequence of counting piece arrangements
which fits the following data, where n is the arrangement
number and v(n) is the value of arrangement n.

n -2 -1 0 1 2
vin) -3 -1 1 3 5

Ask the students to write a formula for v(n). Discuss.

Arrangement
number, mn: -2 -1
® o & ";%
Value, v(n) (-2)+(-1) (-1)+0
v(n)
Arrangement
number, n: -2 -1

Comments

1. Various extended sequences of arrange-
ments are possible. Shown below are two
possibilities with the formulas for v(n) they
suggest. Be sure the students indicate how
they are numbering the arrangements in
their sequences.

0 1 2
||
|| |
H | ] | [ ] |
O+1 1+2 2+3
=n+(n+1)
0 1 2

Value, v(n) 2-2)+1  2(-1)+1 2000+1 2(1)+1 2(2) +1

vin)=2n+1
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2. Give each student a copy of Activity Sheet XI-1-A. Have
the students form an extended sequence of counting piece
arrangements which fits the data displayed in graphical form
on the sheet. Ask them to determine v(-4), v(-3), v(3) and
v(4) for their sequence and, if possible, add this information
to their graph.

Arrangement
number, n:

Value, v(n)

Comments

| 2. Shown below is one extended sequence
that fits the data. For this sequence, v(-4) =
-13,¥(-3)=-10,v(3)=8and v(4) = 11. In
the latter three cases, this information has
been added to the graph shown below. The
value for v(—4) lies outside the range of the
graph.
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vin=3n-1

3. Ask the students to find a formula for v(n) for the se-
quence they constructed in Action 2 and record it in the
space provided on the activity sheet. Ask the students for
their observations about the graph. Discuss.

<
s

3
=

3. The form of the arrangements shown in
Comment 2 suggests the formula v(n) =
3n - 1. The students may have other form-
ulations.

Some possible observations:

+ The points of the graph lie on a straight
line.

* The points are equally spaced.

* To get from one point to the next, go 1
square to the right and 3 up.

» The increase from point to point is always
the same.

* There are only points on the graph when n
is an integer.

Continued next page.

2 Unit XI » Activity 1

Math and the Mind's Eye



||
||
||
HE n
H m
HE m
P IS
. o & % . e o o
Z
Arrangement
number -3 -2 -1 0 1 2 3

4. Show the students the following Algebra Piece arrange-
ment. Tell them it is the nth arrangement for an extended
sequence of tile patterns. Ask the students to form the —3rd
to 3rd arrangements of this sequence.

u

]

u -
WET T3 ¢

Arrangement
number -3 —2 -1

HEEEN -
111
[

3. Continued. It may be instructive to com-
pare the graph with the sequence obtained
when the arrangements of the original se-
quence are rearranged into columns, as
shown below. The columns contain a mini-
mal number of tile (so no column contains
both red and black tile). Black columns
extend above a base line and red columns
extend below.

You may want to ask the students how the
numbers in their formula for v(n) relate to
the graph. In the above formula, 3, the
coefficient of n, is the amount the height
increases as n increases by 1. The constant
term, —1, is the value of the Oth arrange-
ment. It indicates where the graph coincides
with the vertical axis.

Some students may draw a line connecting
the points of the graph, implying there are
arrangements for non-integral values of n.
The students may suggest ways for con-
structing such arrangements. (See the next
activity, An Introduction to Graphs, Part
11.) However, for the extended sequence
shown above, there are only points on the
graph for integral values of n.

4. A transparency master of the arrange-
ment is attached (Master 1, top half). If you
use this transparency, do not show the
students the bottom half of the transparency
until they have built several arrangements.

Below are arrangements number —3 through
3. A master for a transparency of these
arrangements is attached (Master 1, bottom
half). Recall that a —n-frame contains red
tile if n is positive and black tile if n is
negative. It contains no tile if n is O.

3 Unit X1 « Activity 1
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5. Distribute copies of Activity Sheet XI-1-B to the students. | 5. A master for the Activity Sheet is at-
For the sequence of Action 4, ask the students to record a tached.
formula for v(n), construct its graph and record their observa- | The formula for v(r) can be written in vari-

tions about the graph. Discuss. ous forms. One possibility is v(n) =4 — n.
Another is v(n) =4 + (-n).

The completed graph is shown below.

v(n)
12
11
"8 6-5-4-3 20 2 3 4 5 ¢ "
viny=4-n v
6. Repeat Actions 4 and 5 for the following Algebra Piece 6. A transparency master of the arrange-
arrangement, using Activity Sheet XI-1-C in place of Activ- | mentis attached (Master 2, top half). If you
. use this transparency, do not show the
ity Sheet XI-1-B.

students the bottom half of the transparency
until they have built several arrangements.

Below are arrangements number -3 through
3. A master for a transparency of these
arrangements is attached (Master 2, bottom
half).

Arrangement
number

Continued next page.
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v(n)

v(n)=(n+1)(n-23)

7. Show the students arrangements I and II below. Tell them
they are the nth arrangements of two different extended
sequences. Ask them to write formulas for v, (rn), the value of
the nth arrangement of the first sequence and v,(n), the value
of the nth arrangement of the second sequence.

6. Continued. Here are two possibilities for
v(n):

v(n)=n?-2n-3

vin)=(n+ 1)}n-3)

Edge pieces may help the students see the
latter formulation:

Some observations about the graph:

* The points of the graph do not lie on a
straight line.

* The graph is symmetric about n = 1, that
is, if the graph where folded along the
vertical line that goes through n =1, the
points to the right of the fold would coin-
cide with those to the left of the fold.

* The smallest value for v(n) is —4. It oc-
curs whenn = 1.

7. A transparency master of the arrange-
ments is attached (Master 3).

vim)y=6n-2

vy(n)=n?+Tn—8

Other formulations are possible. For ex-
ample, v,(n) = (n + 8)(n — 1). Edge pieces
may help the students see this formulation.

5 Unit X1 « Activity 1
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8. Ask the students to graph v, (n) and v,(n) on Activity Sheet
XI-1-D. Have them indicate the points on the graph of v,(n)
with an X and those on the graph of v,(n) with an 0. Ask the
students to examine the graphs and record their observa-
tions. Discuss.

v(n)
o— 36 =
) o )
rAavy
]
n v
-11-10-9 -8 ¥ -6 -5 —# -3 R -1 > 3 4 5 6
D 8
12
D )49
D ﬁ D 20
24
28
v(n)
X v,(ny=6n -2 O v,(n)=n? -7n-8
Arrangement
number -3 -2 -1
|
e o o
Il
® & o

8. A master of Activity Sheet XI-1-D is
attached. The completed graph is shown
below.

It may facilitate discussion to refer to points
of the graphs by their coordinates. The
coordinates of a point of a graph are a pair
of numbers the first of which locates the
point horizontally, the second vertically.
For example, (-4, -20), (0, -2) and (4, 22)
are coordinates of points on the graph of
v,(n).

Notice that two points, (2, 10) and

(=3, -20), are on both graphs. This tells us
that the 2nd arrangements of the two se-
quences have the same value, namely 10,
and the —3rd arrangements also have the
same value, namely —20. It also tells us the
equation 6n — 2 = n? + 7n - 8 has two solu-
tions, n =2 and n = -3.

The students may wish to form the 2nd
arrangement of each sequence and verify
that they have the same value. Likewise for
the —3rd arrangement. Arrangements num-
ber —3 through 3 for both sequences are
shown below. A transparency of these
arrangements 1s attached (Master 4).

6 Unit XI + Activity 1
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9. Ask the students to use the pieces to build the nth arrange-
ment of both extended sequences, v,(n) and v,(n), and to
then solve the equation 6n — 2 = n? + 7n — 8 using the pieces.
Ask students to share their solution.

nf+7n-8

9. One possibility is given below. (See also
Unit IX, Activities 6 and 7). Thus the stu-
dents will have three different ways to
represent the solution to an equation like
6n —2 = n?+ 7Tn - 8: using the pieces, using
a graph, or comparing arrangements of
extended sequences. You might point out
these three representations to the students
and ask them which one they like best at
this point, and why.

Remove 6 n-strips and 2 shaded tiles from each arrangement.
Then we obtain the equivalent equation: n? + n—6=0

Note: We can com-
plete a rectangle by
including 2 opposite
frames and 2 more
n-frames in our
arrangement and
maintain a net value
of N2+ n—86.

This rectangle has edge piece valuesn —2
and n + 3. Thus, (n —~2)(n +3)=0 whenn
=-3 or n = 2. (The area is O if and only if
one of the edges has value 0.)

7 Unit X1« Activity 1
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10. (Optional) Show the students the following portions of
extended sequences I and II. Ask them to write formulas for
v,(n), the value of the nth arrangement of sequence I and
v,(n), the value of the nth arrangement of sequence II. Then
have the students graph v,(n) and v,(n) on Activity Sheet XI-
1-E. Ask the students to record their observations. Discuss.

Arrangement
number -3 -2 -1 0 1 2 3
i H B | | |
® & o . . . . . LN ]
ZH E EHE HEHEE HEEER

&

| Comments |

10. Masters for Activity Sheet XI-1-E and a
transparency of the two extended sequences
(Master 5) are attached.

From sequence 1, one sees that v](n) =
n+ 3.

The students may readily see the pattern of
sequence II, but have difficulty in writing a
formula for v,(n). You can suggest to the
students that they write the formula in two
parts, one part for non-negative arrange-
ment numbers and one part for negative
arrangement numbers:

2n -3, n non-negative
v,(n) =
2(-n) - 3, n negative.

Notice that the case n = 0 is included in the
first part.

You may want to tell the students about the
mathematical symbol Inl, read absolute
value of n, which is defined to be n, if n1s
non-negative (e.g., i3l=3)and -n if n is
negative (e.g., I-3l = 3). Using this symbol,
one has v,(n) = 2lnl - 3 for all n.

The graphs of v,(n) and v,(n) are shown
below. The points of the graph of v,(n) lie
on a straight line. The points of the graph of
v,(n) lie on a V whose vertex is the point

(0, -3). Note that the points (-2, 1) and

(6, 9) lie on both graphs.

<

'

-

- oW o P N PO DB

ﬁ_..

A D NH» B

X v(m=n+3 © v,(n):{

v(n)
2n-3,npos.or 0

-2n -3, n neg.
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11. (Optional) Repeat Actions 9 for the following two se-
quences, using Activity Sheet XI-1-F in place of Activity
Sheet XI-1-E.

Arrangement
number 1 2 3 4 5
! |
. LI
|
LI B
|
v(n)
7 &
6 3
5 >
4 ¢
3
2 ©
119
n
-1 1 2 3 4 6 7 8 9 1091 12 13 14
-2 D
-3 ©
-4 D
-5 o
-6 D
-7 D)
v(n)
(n+9
3, nodd =5 nodd
X vi{n)= 0O valn)=
0, neven 22, neven

Comments

11. Masters for Activity Sheet XI-1-F and a
transparency of the two sequences (Master
6) are attached.

Notice that these two sequences are not
extended—in both cases, the set of arrange-
ment numbers is the positive integers.

If students have difficulty in writing formu-
las for v(n) and v,(n), you may want to
suggest they write the formulas in two
parts, one part for n odd and one part for n
even.

3, nodd
v (n)=

0, n even

(n+ D/ nodd
Vz(n) =

{2, neven

One way to see the above formula for v,(n)
is to notice that, if n is odd, two copies of
the nth arrangement form a rectangle whose
value is n + 1 (an example forn=5is
shown below) and, if n is even, two copies
of the nth arrangement form a rectangle
whose value is —n (an example for n =4 is
shown below).

Two copies of Two copies of
5th arrangement.  4th arrangement.

The graphs are shown to the left. Notice
that the points on the graph of v,(n) alter-
nately lie on the line parallel to and 3 units
above the n-axis and on the n-axis. The
points on the graph of v,(n) alternately lie
on two lines, one sloping upward and one
sloping downward..

The only point that lies on both graphs is
., 3).

9 Unit XI « Activity 1
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Activity Sheet XI-1-A

Name

v(n)

'Y
-h

D

©

(s <]

~

4.}

F-

w

N

-—th

-4 -3 —

LA "4
—r
"
NS
™
PN
A
re
-

v(n) =
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Activity Sheet XI-1-B

Name

v(n)
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v(n) =

Observations about the graph:
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Activity Sheet XI-1-C

Name

v(n)
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Observations about the graph:
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Activity Sheet XI-1-D
Name

v(n)

W
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-1 -0 9 -8 -v -6 -b -4 -3 -2 -1 1 2 3 4 5

X vy(n) = 0 v,(n)=
Observations:
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Activity Sheet XI-1-E

Name

v(n)
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Observations:
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Activity Sheet XI-1-F

Name

v(n)

v(n)

X v,(n)= 0 v,(n)=

Observations:
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Arrangement number:
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Arrangement number
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Unit X1 ¢ Activity 2

An Introduction to Graphs,
Part Il

Prerequisite Activity
Unit X1, Activity 1, An Introduction to
Graphs, Part 1.

Materials

Bicolored counting pieces, Algebra Pieces,
n-frames, centimeter grid paper, masters
and activity sheet. Also, red and black pens
or markers, if available (see Comment 1).

) Commenis |

1. Distribute centimeter grid paper to the students. Show 1. A master for centimeter grid paper is
them the following Algebra Piece arrangement. Tell them jt | 2ttached. Also attached is a master for an

. . overhead transparency of the arrangement
is the nth arrangement of an extended sequence of tile (Master 1, top half). The bottom half of the

arrangements. Ask them to sketch the —3rd through 3rd transparency is used in Action 7.
arrangements of the sequence on a sheet of centimeter grid Ttis intended that the students draw grid
paper, representing tile by grid squares. paper sketches of the arrangements. If stu-
______ dents use tile to form the arrangements, ask
g ﬂ them to also draw sketches.

If the grid paper is oriented so the horizon-
tal dimension is the longest, the —3rd
through 3rd arrangements can be sketched
side by side.

The students can use red and black pens or
markers, if available, to fill in squares to
represent red and black tile. Otherwise,
they can devise ways of indicating red and
black tile. In the sketch below, the lighter-
hatched squares represent red tile.

a}rar!rge!me!nt rlrungbe!r

-3 -2 —1 0 1 2 3
i B T 1 B
22,427/ M7,.77/ M7 7B 2 7

centimeter grid
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2. Distribute Activity Sheet XI-2. For the extended sequence | 2. Make several overheads of Activity
introduced in Action 1, ask the students to record a formula Sheet X1-2. The completed graph is shown

. . . below.
for v(n) in the space provided and then construct its graph. o
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v(m)

v(n)=2n-1

3. Point out to the students that there is no point on the graph

when n = 3V2 since there is no 3Y2th arrangement. Tell the 3. Below is a sketch of a 3V2th arrangement

students to imagine that the sequence has been augmented to | based on the pattern of the arrangements in
. . the original sequence. Its net value is 6.

contain such an arrangement. Ask them to draw a grid paper |y, (315, 6) is the point on the graph

sketch of how it might look. Have them compute the value corresponding to this arrangement.

of their arrangement and add the corresponding point to their

graph. Repeat for n = —2%4.

7

4. Have the students choose some non-integer point on the v(33)=6

The net value of the 234 arrangement,
shown below, is —6Y2. Its corresponding
point is (-2%4, —6Y2). A sequence of
sketches may help students see this.

| (cutting and | |
//// pasting) %
é%// Z7
v(-23)=2(-23)-1 v(-23)=-61
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4. Have the students choose some non-integer point on the 4. Shown below are sketches of the Pth and
positive part of the n-axis and label it P. Then have them Oth arrangements for the choices of P and

. . . . Q shown on the graph. The corresponding
choose a non-integer point on the negative part of the n-axis | points on the graph are also shown.
and label it Q. Ask them to sketch Pth and Qth arrange-
ments, determine their values and add the corresponding
points to their graph. Ask for volunteers to show their .
sketches and discuss with the students how they determined L
the location of the points on the graph. viP)=2P-1

I
2%
Z 47 %%
v(Q)=2Q-1

AN (AN

v(n)

iy
Iy

=
D 4

The location of the points on the graph can
be determined by measuring. For example,
one can mark off on the edge of a piece of
paper a segment whose length is the dis-
tance between 0 and P and adjoin to it a
segment whose length P — 1. The sum of
these two lengths will be the distance of the
point [P, v(P)] above the n-axis. Some of
the students may locate the points by noting
that all the points of the graph are colinear
and locate [P, v(P)]} and [Q, v(Q)] so that
colinearity is maintained.
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v(in)=2n-1
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5. Ask the students to imagine that the sequence of arrange-
ments has been augmented so there is an arrangement corre-
sponding to every point on the n-axis. Ask them how they
could show this on their graphs. Discuss.

<
=
3

By
L

Ery

o @ N PP O

DO P NG Q@

J Py

<
P}
2

6. Suppose a generic point x of the n-axis is selected. Ask
the students to create a representation of the xth arrange-
ment. Discuss their representations.

-
N
T

2x-1 X

(T3
TT 13

Comments

5. The resulting graph is a straight line,
only a portion of which shows in the graph
the students have constructed. The actual
graph extends indefinitely in both direc-
tions.

A complete collection of arrangements—
where there is an arrangement corre-
sponding to every point on an axis, that is,
every real number—will be referred to as a
continuum of arrangements.

6. The students may suggest a variety of
ways to represent the xth arrangement. It
might be represented by a sketch. The
sketch on the left consists of two unshaded
strips, each labeled x, and a single red tile.
It is understood that each strip is to be filled
with a collection of tile whose value equals
its label. Thus, if x is positive, the strip is
filled with black tile, if x is negative it is
filled with red tile and if x is O, it is empty.
The sketch on the right uses edge pieces.
Here the edge pieces have the value of their
labels.

Alternatively, frames might be used to form
arepresentation, as shown here. The frames
are to be thought of as x-frames rather than
n-frames, that is, each frame represents a
strip of tile whose value is x rather than n.

Continued next page.
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7. Show the students the following xth arrangement from a

continuum of arrangements. Ask them to write a formula for
v(x). Then distribute Coordinate Graph Paper to the students

and have them construct a graph consisting of all points (x,

y) such that y = v(x).

ooo0qQ j0ooo0Q [00O0Q

6. Continued. Henceforth, the letter x will
be used to refer to a generic arrangement
when the collection of arrangements under
consideration is a continuum (real num-
bers). The letter n will be used when the
collection of arrangements is a sequence or
extended sequence (integers). In the former
case, frames will be designated as x-frames
or —x-frames and represent strips of tile
whose value is x and —x, respectively. In the
latter case, frames will be referred to as n-
frames or —n-frames. It may help to call —x-
frames, “opposite x-frames”.

The above usage follows the customary, but
not universal, practice of using letters like
x, y and z to represent quantities that can
take on any value, integral or not, (i. e.,
continuous variables) and using letters like
k, m and n to represent quantities that have
integral values (i. e., discrete variables).
The choice of a letter to represent a generic
arrangement is arbitrary. For example, one
might refer to the zth arrangement and write
v(z) =2z — 1. In this case, if frames were
used to represent the zth arrangement, they
would be referred to as z-frames or —z-
frames and have values z or —z, respec-
tively.

7. A master for an overhead transparency of
the arrangement is attached (Master 1,
bottom half). The partial tile is ¥2 of a
black tile-——you may want to clarify this for
the students—so one has y = v(x) =

72— 3x.

Continued next page.
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7. Continued. In the graph shown below the
vertical axis is labeled y. It could also be
labeled v(x).
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8. If (x, y) is on the graph of Action 7, ask the students 8. (a) The students might see from their
to find x if v is: graph that there is exactly one point (x, ¥)
Y for which y = 8. For that point, one sees (if
(a) 8, (b) _9, (C) _14-4, (d) 100. the graph is constructed carefully enough)
that x = —1.5.

Alternatively, the students can use an Alge-
bra Piece sketch to determine x. If the value
of the xth arrangement shown here is 8,
then the —x-frames must have a total value
of 8 — %2 or %2. Since there are 3 of them,
each —x-frame has a value of 32. Hence, the
value of x is —%2. At this point, students
still may want to use pieces or sketches to
find the value of an x-strip. Or, they may be
doing it mentally and/or symbolically. We
need to keep making connections between
symbols and pictures.

Continued next page.
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v(x) =100

8. Continued.

(b) If y = -9, it is difficult to determine the
exact value of x from the graph. Referring
to a picture of the xth arrangement, one sees
that if its value is -9, the —x-frames have a
total value of -9 — 72 or —2%. Since there
are 3 of them, each —x-frame has a value of
—~25%. Hence, x = 2%.

At this point, the power of using the sym-
bols, versus tiles or graphs, to get exact
values is evident.

(c) Proceeding as in (b), one finds x = 5.9.

(d) From a picture of the xth arrangement,
one sees that if its value is 100, the total
value of the —x-frames is 962. Since

96 +3 =732 and 2 + 3 = U, each —x-frame
has value 32%. Hence x = —32Y%.

7 Unit X1 « Activity 2
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Unit XI ¢ Activity 3

An Introduction to Graphs,
Part |l

O V E R V | E W Prerequisite Activity

Unit XI, Activity 2, An Introduction to
Graphs, Part I1.

Materials

Graph paper, straight edges for drawing
lines, Algebra Pieces, and master.

1. Show the students the fOHOWiIlg graph. Tell them it is the 1. A master for the graph (Master 1) is
graph of y = v(x) for a certain continuum of arrangements. ZL‘SChafd/fg‘r’Towg:*f‘oiri;e"::g::t;’ anspar-
Ask them to find a formula for v(x) and to either sketch or f d

made.

construct an Algebra Piece representation of the xth arrange- S -

: e graph shows that v(x) increases by 4 as
ment. Discuss. x increases by 1. Thus v(1) = 4 + v(0), v(2)
=8 + v(0), ¥(3) = 12 + v(0) and so forth.
Since v(0) = 2, this suggests the formula
v(n) = 4x + 2 which can be verified for
/ other points on the graph. If the expression
v(x) is represented by y, the formula might
be written y = 4x + 2.

N
<@

™.

-

The students may arrive at this result by
other methods.

5 3
ey

-

1 / A sketch of the xth arrangement is shown
8 on the left below. An Algebra Piece ar-
§ / rangement is shown on the right.
,7 sketch: pieces:
T3 % 54 5 % 4 > s 5 6 T & x [ X )
=2 X
—+ X
. Hx ]
8 V(X) =4x+ 2 v(x) =4x+2
AL
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2. Discuss with the students how the numerical constants,
4 and 2, in the formula for v(x) relate to its graph. Introduce
the terms coefficient, slope and intercept.

4N
LY

increase of 4

®

4 increase-of 4

y - intercept |
A

-2 - _;\.
i

X - intercept

Y
y=4x+2

slope

1
Y
»n

3. Distribute centimeter grid paper to the students. Tell them
that the graph of v(x) for a certain continuum of tile arrange-
ments is a straight line which passes through the points (-2,

10) and (4, -8). Ask the students to draw the graph and find a
formula for v(x). Then have them construct an Algebra Piece

representation or draw a sketch of the xth arrangement.
Discuss.

Comments

2. You can begin the discussion by asking
the students to share their ideas with one
another.

The constant 4 in the product 4x — called
the coefficient of x— tells how much y
values change as x values increase by 1 (for
example, as x changes from Oto 1, y
changes from 2 to 6, an increase of 4). This
rate of change, the change in y for each unit
increase in x, is called the slope of the line.
(Note that if y had decreased as x increased,
the change, and hence the slope, would
have been negative.)

The constant 2 is the value of y when x is 0
or, to put it another way, the place where
the line crosses the y-axis. This value is
called the y-intercept of the line.

A line may also cross the x-axis. If it does,
the value of x at which it crosses is called
the x-intercept. In this case the x-intercept
o L

is =Y.

3. A master for centimeter grid paper is
attached to Activity XI-2, An Introduction
to Graphs, Part I1.

The students will have to locate axes and
then scale them. In the graph shown, the x-
axis is scaled so that each subdivision rep-
resents 1 unit and the y-axis is scaled so
that each subdivision represents 2 units.
The graph will appear differently for other
scales.

N,

Continued next page.

2 Unit X1 » Activity 3

Math and the Mind's Eye



N\ 18
\ =
N\ (-2, 10)
\\G
decrease 27N
of 18 N
-8 -y -6 -5 -4 -3 -p - ? 3 4 5 ¢ B
—4 \
- \\(4, —8)
=12 \\
\_/\/\J

A
|
BN
[~
Ll
ke b kel
HEEE

[
|
o
N
1

o e
d d
bl bl

—

d
bl

il
bl

Y

increase of 6

slope = 168 =-3
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I -3 -3x
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3. (Continued) If the points (-2, 10) and (4,
—8) are located on a graph and a straight-
edge is used to draw a line through them,
one sees that the y-intercept of the line is 4.

Also the slope of the line is -3 since y val-
ues decrease by 3 as x values increase by 1.
One way to determine this is to note the y
values decrease 18 units (from 10 to -8) as
the x values increase 6 units (from -2 to 4),
which is equivalent to a y-decrease of 3
units for every 1 unit x-increase.

Since the line has slope -3 and y-intercept
4,y =v(x) = -3x + 4. The students may use
other methods to find a formula for v(x).

Shown here are various sketches and Alge-
bra Piece representations, some of which
include edge pieces. In the sketches, a nu-
meral alongside the edge of a rectangle
denotes its value. Note that the value of an
edge may differ from its length. If the value
of an edge is positive, the value of the edge
and its length are the same. If the value of
an edge is negative, the value of the edge
and its length are opposites. For example, if
the value of an edge is -3, its length is 3.

3 Unit X1 » Activity 3
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4. Repeat Action 3 for the points (-2, —8) and (4, 7).

| Comments

4. In the graph shown below, the x-axis is
scaled so that each subdivision represents
14 unit and the y-axis is scaled so that each
subdivision represents 1 unit. The graph’s
appearance will differ for other scales.

Using a straightedge to draw a line connect-
ing the two given points on a graph with x
and y axes, one sees that the y-intercept is
—3. Also, y values increase by 15 as x val-
ues increase by 6. This is equivalent to a y-
increase of 2/ for each x-increase of 1.
Thus, the line has slope %2. Hence, y = v(x)
=% x — 3. The students can verify this
formula by showing that it provides the
correct values for v(-2) and v(4), namely —8
and 7.

|

P

»

)

gt

E

w

n

/
/ Increase

JAE ) of 15

CIC I IX--
LT IR sl s |a
TR X

vix)=21x-3
(=2 v(x)=gx—3

-

-18

increase of 6

On the left is an Algebra Piece repre-
sentation in which an n-frame has been cut
in half. On the right is a sketch in which the
values of edges and regions are shown.
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5. Ask the students to construct an Algebra Piece representa-
tion, or draw a sketch, of the xth arrangement of a continu-
um of arrrangements for which the graph of v(x) is:

(a) a straight line whose y-intercept is 4,

(b) a straight line whose slope is 3,

(c) a straight line whose slope is —2 and y-intercept is 3.
Discuss.

Comments

5. (a) If the graph of v(x) has y-intercept 4,
then v(0) = 4. This will be the case if the
“constant” part of the arrangements has
value 4. Shown below are two possibilities.

n ]
n a
IR
(TR 7m ETT I _3M

vix)=x+4 vix)=—2x+4

(b) If the graph of v(x) is a straight line
whose slope is 3, then the values of the
arrangements must increase by 3 as x in-
creases by 1. One possibility is that v(0) =
0, v(1) = 3, v(2) = 6, and so forth. This will
be the case if v(x) = 3x. Other possibilities
can be obtained by adding a constant to this
expression, e.g., v(x) = 3x + 2. The dif-
ference in the graphs of these two expres-
sions is that the y-intercept of the first is 0
and that of the second is 2.

v(x) = 3x v(x)=3x+2

(c) If the graph of v(x) is a straight line and
both the slope and y-intercept are given,
there is only one possibility. In this case,
v(x) =—2x + 3, or an equivalent expression.

H

N |

ErT I3
vix)=-2x+3
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6. (a) Ask the students to make an Algebra Piece representa-
tion, or draw a sketch, of the xth arrangement of a continu-
um of arrrangements for which v(x) = (2 —x)(3 + x).

(b) Ask the students to predict what the graph of v(x) looks
like. Discuss their predictions and then ask them to draw the

graph, starting with integer values for x. Ask the students for
their observations.

Comments

E

»

E

»

\\
&
—

y=v(x)=(2-x)(3+ x)

6. (a) Shown below 1s an Algebra Piece
representation, with edge pieces.

I N
IDDD]Z:?] 1 ]

vx) =(2-x)@3+ x)

(b) Since v(0) = 6, the y-intercept is 6. The
students may note that the x-intercepts are 2
and -3 since v(x) is 0 for those values of x.
If x is in the interval between the x-inter-
cepts, both factors of v(x) are positive and
v(x) is positive. Outside this interval, one
factor of v(x) is positive and the other is
negative, so v(x) is negative. An alternate
form for v(x) is —x2 — x + 6, as can be seen
from the above Algebra Piece representa-
tion. As the magnitude of x increases, in
either direction, the squared term will
dominate and v(x) will have negative values
which increase in magnitude.

In the graph of y = v(x) shown here, every
subdivision of the x-axis represents 2 unit
and every subdivision of the y-axis repre-
sents 1 unit. The graph will look different
for other scalings of the axes. The graph is
a parabola symmetric about the vertical line
x =-%% and opening downward.

The students may find a few points on the
graph and connect these points with straight
line segments. You may want to point out
to the students that graphs of formulas,
such as the one in this Action, tend to be
rounded rather than angular. This can be
verified by finding more points on the
graph.

6 Unit X1 » Activity 3
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7. Ask the students to find where the graph of v(x) intersects

the line y = x.

7.1fy=xand y = (2 — x)(3 + x) are graphed
on the same coordinate system, it appears
that the two graphs intersect when x is
about 1.7 or -3.7.

y

7
G

£

«w

»n

L

@
]

-]

-~

value of uncircled portion is x
value of circled portion is 0

The exact values of x where the two graphs
intersect can be found by determining when
v(x) = x. This will be the case if the value of
the circled portion of the Algebra Piece
representation for v(x), shown here, is 0. If
the value of the circled collection is 0, the
value of its opposite collection, shown
below, is also 0.

If ared and black tile is added to this col-
lection, its value is unchanged. The result-
ing collection can be arranged into a square
of edge x + 1 with 7 additional red tile.
Since the total collection has value 0, the
square must have value 7. Thus x + 1
equals V7 or=v7. Thus x=-1 + V7 orx
=—1- /7. Since V7 = 2.65, the two
graphs intersect when x =1.65 or x = -3.65.

7 Unit X1 « Activity 3
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8. (a) Tell the students that, for the xth arrangement of a 8. (a) In the graph shown below, both the x-

certain continuum of arrangements, v(x) = !/2x* — x — 8. Ask ?"‘11 y‘?i‘es are scaled so that 1 subdivision
1S 1 unit.

the students to graph v(x).

R

\
\ /
\ /

a

>

@»

x
47 16 5 -4 —2-11 z;:=1§ra
\ - //
\t /
y
v(x)=%x2—x—8
(b) Ask the students to find x if v(x) is: (i) 4, (i) 2.5 (b) If the students have drawn their graphs

carefully, they can determine from them
that v(x) is 4 when x is -4 or 6.

v s

This conclusion can also be reached by
using Algebra Pieces. Because of the /5x2
in the expression for v(x), it is easier to work
with 2v(x). Thus, to determine when v(x) is
4, one can determine when 2v(x) is 8, that
is, when x2 — 2x — 16 = 8. This will be the
case if x2 — 2x = 24 or, as shown, (x— 1)2 =
25. Thus,x-1=5o0rx-1=-5.Ifx-1=
5,then x = 6; if x — 1 = -5, then x =—4.

X2 —2x =24,
(x—1)2=25

When v(x) = -2.5, it appears from the graph
that x is somewhere near 4.5 or —2.5. More
precise values can be found by using the
above method to find when 2v(x) = -5. In
this case, x2 —2x=16-5=11 and the
square shown in the sketch has value 12.
Hence x — 1 has value v12 or —+/12. Thus,
x= 12 + 1 or =12 + 1. Using a calcula-
tor, one finds V12 + 1 = 4.46 and

—V12 +1=-2.46.

8 Unit X1 » Activity 3 Math and the Mind’s Eye
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Unit Xl » Activity 4

Introduction to Graphing

Calculators, Part |

Prerequisite Activity
Unit X1, Activity 3, An Introduction to
Graphs, Part I1.

Materials

Bicolored counting pieces, Algebra Pieces,
masters, a classroom set of graphing calcu-
lators, and an overhead graphing calculator
that is compatible with the classroom set.

1. Pass out the bicolored counting pieces and the Algebra
Pieces. Put up the formula v(x) = —3x + 5 on the overhead.
Tell the students this formula represents a continuum of
arrangements. Ask the students to use counting pieces to
build arrangements for x = -2, -1, 0, 1, and 2. Then ask the
students to use the Algebra Pieces to build the nth arrange-
ment for this expression. Ask for volunteers to share their
results.

Arrangement number

X —2 -1
EEEE HEENR
EENEE HEEBE
] ]| ]
xth arrangement
. |
R |
Fr T @M

2. Ask the students to imagine in their mind’s eye what the

graph of y = —3x + 5 might look like. Ask for volunteers to
share their ideas.

1. Tt is helpful to have two overhead projec-
tors if possible, one for the overhead calcu-
lator, and one for student sharing and
transparency masters. We start this activity
with a counting piece and Algebra Piece
representation, and then a by-hand graph, in
order to build connections to the graphing
calculator representation of the continuum
of arrangements.

2. Students may say it’s a line, that it
drops—and perhaps they may trace it in the
air as a falling line. They might also refer-
ence the slope of the line based on their
experience in An Introduction to Graphs,
Part I1I. Some may speak of “dropping
three units for each unit one moves to the
right.”

1 unit Xt « Activity 4
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3. Pass out a copy of Coordinate Graph Paper to each stu-
dent. Ask the students to plot the graph v(x) = -3x + 5. Dis-
cuss the graph. Ask the students to determine the slope, and
the y- and x-intercepts for this graph.

Graph of v(x) =-3x+ 5

v(x)

-
-}

@

-3

-

a

{0.5)

w

2 (1,2)
|

1 x-intercept
\A( L

B 7 b 5 4 -8 -b -h > 3 4 6 7 &
1 2, -1)

s
2 \
Py

©

v(x)

Comments

3. Ask for volunteers to show the graph.
The problem of determining the value of
the x-intercept may lead to various sugges-
tions from the students. Some may approxi-
mate it: It is between 1 and 2. It is closer
to 2. Some may suggest, based on the
graph, that the line cuts the x-axis at the %5
mark between 1 and 2, since it has fallen 2
of the 3 vertical units from (1, 2) to (2, -1)
on the graph. A transparency of Master 1
may be helpful. Some may suggest trying
to find the value of x that will make —3x + 5
= 0. Some may even want to cut counting
pieces to obtain an Algebra Piece represen-
tation.

Graph of v(x) = -3x + 5 “blown up”

T (1,2)

3¢ /—> Xx-intercept

Continued next page.
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3. Continued
1
Algebra Piece representation:
The x-intercept occurs when v(x) = -3x + 5 =0, or when 3x= 5.

3x 5
m::ﬂ .. (cut tiles) .III .ll
[(TTIR") = HE —— Hil— 1l
R || H mil

2
So x=13

(T3 - |l

4. Pass out the graphing calculators. Use the overhead calcu- | 4. An acetate master of your calculator
lator to help show the students how to turn the calculators keyboard, enlarged, is very helpful when

. . working with students who are learning to
on, and how to clear out or turn off any previous equations

use graphing calculators.
or graphs that may reside in the calculator’s memory.

Note: When using a classroom set of graph-
ing calculators there may be many different
viewing windows (ranges) left open from

(Optional) You might ask students to graph a blank window

(just the coordinate axes) on their calculator, without any the last group of students who used the

. devices. There also may be other graphs
equation entered. Ask them to move the cursor around the stored in the machine fhat are still turned
graphing window, and to try to determine the value of the on—functions or even statistical plots. This
tick marks on their particular set of axes. can lead to many different pictures showing

up on your students’ viewing windows.
You can let some of these things just hap-
pen, and allow the students to discover
them, or you can show the class how to turn
off all other graphs, and/or show them how
to standardize their viewing windows. This
choice will depend on what you are most
comfortable with. In any case it is normal
for things to be a bit chaotic when students
are first learning to use graphing calcula-
tors. The students try out all sorts of things
on the calculators.

3 Unit X1 » Activity 4 Math and the Mind's Eye



5. Ask the students to enter the expression y =-3x + 5 on
their graphing utility, and then to GRAPH it in the “standard”
viewing window. Ask them to use the TRACE function to find
the x-intercept of this graph. What do they see when they
trace the graph? Ask the students to zoom-in several times
on this graph, and then retrace the new graph. Discuss. How
does the value of the x-intercept they obtained on the calcu-
lator compare with the value they obtained in Action 3?

First TRACE Second TRACE after zoom-IN

Third TRACE after zoom-IN Fourth TRacE after zoom-in

Comments

- 5. Ask for a student volunteer to create the

graph on the overhead calculator. On many
graphing calculators there is a standard
default viewing window, such as [~10, 10]
for y, and (10, 10] for x.

The students can become familiar with
many of the features of their graphing util-
ity as they work through a particular ex-
ample, like this one. The type and duration
of instruction needed with a particular kind
of graphing utility will vary depending on
your machine and on your students’ previ-
ous experience.

Most graphing utilities have features like
GRAPH, TRACE, ZOOM, RANGE, OT WINDOW, and
so forth. The manual that accompanies your
particular kind of calculator will provide a
number of examples so you and for stu-
dents can experiment with these features.
To get started, students will need to know
how to enter an equation, and how to get a
calculator to display a graph. Many calcula-
tors have a “Y=" button to enter an equa-
tion, a special “X” button for a variable,
and a GRAPH button to accomplish these
tasks.

Students can experiment with zoomM-IN and
zooM-ouT and other zooMm features on their
calculator. Some calculators have a BOXING
feature which can be used to draw a box
around a particular part of the graph, and
then ZzooM-IN on the box, as below. They
will find that the calculator can give a very
close “approximation” for the x-intercept,
but not necessarily an exact value. A series
of TRACES and zooM-INs for y = ~3x + 5 is
given in Figure 1. Each time we ZooM-IN we
obtain a closer approximation to the x-
intercept value, where the graph crosses the
X-axis.
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6. Ask the students to use their graphing calculators to find
the value of y when x is 49 in y = —3x + 5. Repeat when x is
—28.75. Then ask the students to find these y-values using
the Algebra Pieces or symbolically. Discuss. Ask for volun-
teers to show their thinking. Compare the graphing calcula-
tor results with Algebra Piece/symbolic results.

Approximation for the
y-value at x = 49:

J Commens |

6. Students may try to graph y =-3x+ 5 in
a standard window and tracing the graph
out until x = 49. The graph will go off the
screen. Another possibility is to first resize
the viewing window so that x = 49 appears
in the window, and then trace. In order to
do this, one needs a mental estimate for the
y-value on the graph when x = 49 so the
desired part of the graph will appear in the
window of the calculator. For example, we
would need to include at least down to

y =-150in order that y = —3x + 5 shows up
in the window when x = 49. You and your
students might want to experiment a bit
with window sizes on your particular calcu-
lator to see what looks best in different
situations.

Graph of y = —3x + 5 for the viewing
window x in [-5, 75}, y in [-200, 25].

An Algebra Piece and symbols solution might be:

EIT 1R 2Nl

it (LR =40 then EL I 12 MR =39 +5

ETT I 3

=147 + 5 = —142.

Similarly, if [ [ T T2 3] = -28.75, then -3x + 5 = —-3(—28.75) + 5

=86.256+5=91.25
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7. Ask the students to use their graphing calculators to find
out for what value of x the continuum y = —3x + 5 has

y =—75. Then ask the students to also find this x-value by
using the Algebra Pieces or symbolically. Discuss. Ask for
volunteers to show their thinking. Repeat this when

y = 10%4.

=-3x+5

=-75

First Trace and approximation

=-3x+5

y=-75

7. Students might want to resize the view-
ing window so that y = —75 appears—of
course, one needs an estimate for the x-
value when y = =75 in order to show that
part of the graph in the window. Another
possibility is to graph both y =-3x + 5 and
y =~175 simultaneously, and check the x-
value where these graphs cross.

Graphs of y=-3x + 5and y =-75 on the
window x in [-10, 50}, y in [-150, 20]. We
are interested in when the two graphs cross.
The second graph is a zooM-IN and TRACE of
the first one.

Second TRACE after zoom-iN

An Algebra Piece solution might be:

Ellllll .
i m 5
(TR 3 m

—-3x
FL T
so, i I [ 2
NN

h

ko b ke
1l
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8. Point out to the students the four different representations
for the continuum of arrangements of y = —3x + 5: (1) count-
ing pieces and Algebra Pieces, (i) symbols, (iii) the hand

plotted graph, and (iv) the graph on the graphing calculator.

Ask the students to discuss in their groups, “What are some
advantages and/or disadvantages of each of these representa-
tions for y = -3x + 5?7” Ask the groups to share their think-
ing.

Graphically:

Commenis |

8. Possible advantages: The counting pieces
and Algebra Pieces provide a visual and
tactile representation of the pattern. The
graphing modes, both hand drawn and
graphing calculator, allow us to extend the
pattern to non-integer valued arrangements,
and to construct the idea of a continuum of
arrangements. The equation provides an
efficient way to write the general pattern in
symbols which express the value of the
counting piece arrangements, or the posi-
tion on the graph. Both the equation and the
graphing calculator will allow us to effi-
ciently “evaluate” a y value given a particu-
lar xth arrangement, and vice versa.

Possible disadvantages: The symbols by
themselves can be devoid of meaning with-
out the visual patterns. Graphing calcula-
tors may only give us decimal approxima-
tions for values on the graph as we TRACE
the graph rather than exact values (this
depends some on our choice of the viewing
window). With counting pieces alone, we
would have to make many cuts to represent
fractional values.

Note: You might encourage the students to
make connections among these various
representations—a particular counting
piece arrangement corresponds to a point
on the graph; a point on the graph can be
described by a pair (x, y) of values; the
relationship between the values can be
described by a general formula, in this case
y =-3x + 5. Such connections among these
various representations help build student
power in algebra.

Symbols and pieces:

Both of the above representations indicate
that the point (2, —1) is on the graph; that is,
whenx=2,y=-1.
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9. Put up a transparency made from the top half of Master 2.
Ask the students to imagine in their mind’s eye what the
graphs of each of these patterns looks like:

Dy=-3x+5 2)y=—x+5 Dy=x+35
4Hy=3x+5

Ask for volunteers to describe their visualizations of these
graphs.

Then, ask the students to graph all these relationships simul-
taneously on their graphing calculator. Display them on the
overhead graphing calculator. Discuss. Ask the students:
What will the graph look like if the slope is 67 12? -14?
Which graph goes with each equation?

10. Put up a transparency made from the bottom half of
Master 2. Ask the students to imagine in their mind’s eye
what the graphs of each of these patterns looks like:
Dy=-3x+5 2)y=-3x-5 Dy=-3x+2
4)y=-3x-2

Ask for volunteers to describe their visualizations of these
graphs.

Then, ask the students to graph all these relationships simul-
taneously on their graphing calculator. Display them on the
overhead graphing calculator. Discuss. Ask the students,
“What will the graph look like if the y-intercept is 100?
-25.65707”

| Comments |

9. Students may notice the effects of posi-

tive and negative values of slope, or how
the slope affects the steepness of the graph.
They might also mention that 1 and 4 are
mirror images of each other, and lines 2 and
3 are mirror images of each other, in the y-
axis.

y

y=3x+5 y=-3x+5

10. Changes in the y-intercept generate an
infinite family of parallel lines, each with
slope -3 in this case.

y
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Actions I Comments

11. Ask the students to imagine in their mind’s eye what the 11. On many graphing calculators the trace
graph of the pattern y = x2— 4 looks like. Ask for volunteers | function will not land exactly on x =2 and

. .. .. . x =-2 as the x-intercepts. A decimal ap-
to describe their visualization of this graph. proximation to +2 will appear. ZOOMING IN

will increase the accuracy of the approxi-
. i i ==
Ask the students to graph y = x2— 4 on the standard window | ™ation. but may not yield exactly x = +2

. R . when y = 0. The graphs on graphing calcu-
of their graphing calculator, and to use the calculator to find lators are made up of tiny individual points,

where the graph crosses the x-axis. Then, ask them to use or pixels. Each pixel has a numerical scale

. . value, which depends on the window size,
either Algebra Pieces or symbols to find the value of x for and the pixels may not come out to exact

which x?— 4 takes on the y-value 0. Discuss. You may find a | integer values.
transparency of Master 3 helpful.

Graph of y= x2-4 Algebra Piece solution for 0 = x2- 4
(-4, 12) (4,12)
(_37 5) (31 5)

x-intercepts

(Or _4) ]

[ -5
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12. Put up a transparency made from the top half of Master 4.
Ask the students to imagine in their mind’s eye what the
graphs of each of these patterns looks like:

Dy=x2-6 2)y=x2+6 3) y=—(x2-6)

Ask for volunteers to describe their visualizations of these
graphs.

Then, ask the students to graph all these relationships simul-
taneously on their graphing calculator. Display them on the
overhead graphing calculator. Ask the students, “Which
graph goes with each of the equations?” Discuss.

Comments

(_Sr 3)

12. Students might notice that graphs 1 and
2 are the same, just moved up or down.
They might notice that graphs 2 and 3 are
reflections in the x-axis of one another.
Students might predict the effects of the
constant term on such graphs, or of the sign
of the coefficient of the x? term, whether it
is positive or negative, on the graph. They
could quickly test any of their predictions
with other similar examples on the graph-
ing calculators.

Another exploration could be a set of equa-
tions like y = x%, y =x2 - 2x, and y =x2 + 2x.
What is the effect of the x term on these
graphs? There are many possibilities for
extended explorations here.

y
i

{0, -6) 1 2_g
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13. Put up a transparency made from the bottom half of Mas-
ter 4. Ask the students to imagine in their mind’s eye what
the graphs of each of these patterns looks like:

1) y=4x2 2)y=Yx? 3) y=—4x2

4)y =-Yx?

Ask for volunteers to describe their visualizations of these
graphs.

Then, ask the students to graph all these relationships simul-
taneously on their graphing calculator. Display them on the
overhead graphing calculator. Ask the students, “Which
graph goes with each equation?” Discuss. Ask the students,

“What will happen to the graph if we change the coefficient
of x2 to 207 Vioo? — 2077

Comments

13. Students may wish to predict what they
think will happen to the graph when these
coefficient changes are made, and then
check their predictions on the graphing
calculator. (See graphs below.) Plotting
some points on graph paper may help stu-
dents to make their predictions. Fractions
like ¥4 must be entered as decimals on the
graphing calculator, y = .25x2.
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1) y=-3x+5 3)y=x+5

2) y=-x+5 4) y=3x+5
1) y=-3x+5 3) y=-3x+2
2) y=-3x-5 4) y=-3x—2
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1) y=x2-6 3) y=-(x2-6)
2) y=x2+6
1) y=4x2 3) y=—-4x2
2) y =", x2 4) y =V x2
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Unit XI ¢ Activity 5

Introduction to Graphing

Calculators, Part |l

Prerequisite Activity

Unit X1, Activity 4, Introduction to
Graphing Calculators, Part I.
Materials

Bicolored counting pieces, Algebra
Pieces, graph paper, masters and activity
sheet, a classroom set of graphing calcu-
lators, and an overhead graphing calcula-
tor compatible with the classroom set.

1. Write the equations y; = 2x + 1 and y; = x*> — 2 on the
overhead projector. Ask the students to graph both these
equations simultaneously on their calculators. Ask the stu-
dents to use the calculators to find out where the two graphs
intersect. What are the coordinates of any points of intersec-
tion? Ask for volunteers to share their approaches.

1. It 1s helpful to have two overhead projec-
tors, one for the overhead calculator, and
one for student sharing and transparency
masters.

Students may need to first rescale the view-
ing windows so they can see the graphs.
Students might try various approaches to
finding the intersection points with the
calculator. Some students might TRACE and
“eyeball” the intersections. This approach
may yield something like (—1.06, —.868)
and (2.97, 6.87) for the intersection points.
Other students may zooM-IN several times
on the intersection points, and obtain values
such as (3.005, 7.031) for one of the inter-
section points. These approximate solutions
will vary depending on the type of calcula-
tor and the scaling of the window the stu-
dents are using. They might decide the
coordinates shown on the graphing calcula-
tor are very close to (3, 7), and notice that
that pair “works” exactly in both the equa-
tionsy=2x+1landy=x2-2.

y2=x2—2 y2=X2—2

y1=2x+1 y1=2x+1

Solution: Using TRACE

After zoom-IN and TRACE-ING again.

1 Unit Xi » Activity 5
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2. Ask the students to use Algebra Pieces to build the general
xth arrangement for both y = 2x + 1 and y = x2 — 2. Then ask
them to use the Algebra Pieces to determine which arrange-
ment(s), if any, will have the same value. The students might
record each move of the Algebra Pieces in symbolic form.

I
N

2x + 1
R O R "
I 1 1 _—.llgq
oo o ---
x2—-2x = 3
HE
| | |
= 4
| 1
| | |
(x2-2x+1) = 4

or (—x + 1)?

2. The purpose of this Action is to continue
to build connections between the graphical,
symbolic and visual representations of
equations.

Some students might want to build several
particular arrangements of these two pat-
terns before forming the general arrange-
ment with the Algebra Pieces. They might
want to build the —2nd, —1st, Oth, 1st and
2nd arrangements, for example. The Alge-
bra Piece solution provides convincing
evidence that the points (3, 7) and (-1, 1)
are the exact places where these two graphs
intersect. Depending on the scaling win-
dow, the graphing calculator may not have
provided these exact coordinates, but rather
gave only closer and closer decimal ap-
proximations to this exact solution as stu-
dents zoOMED-IN. An possible Algebra Piece
solution of the problem is shown here.

Making trades and trying to complete a
square.

Completing a square, one possible set
of edgesis (x—1)2. Sox—1=2, x=3.
When x=3, y=(3)2-2=7.Thus

(3, 7) is one exact solution pair.

Another possible set of edges is (—x +
1)2. So, if —x+1=2,-x=1,50 x=-1.
When x=-1, y=(-1)2-2=—-1.Thus
(-1, —1) is another exact solution pair
where the graphs cross.
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3. Pass out copies of Master 1 to each group of students. For
each pair of equations, ask the students to use any approach
they wish to find those instances where the two equations
have the same value.

4. Ask the students to share their approaches to the systems
of equations in Action 3.

Vi=44+2x

YVo=x+3

]
4 + 2x

3. This question can also be posed; “Are
there any arrangements (xth arrangements)
for which each pair of equations has the
same y-value? Or, “What are the points (if
any) of intersection of the graphs of each
pair of equations?” This will take the stu-
dents some time. Students might use a
graphing calculator approach, or they might
use the Algebra Pieces, or perhaps some
students will record movements symboli-
cally. Students may wish to use multiple
approaches on some of the pairs to verify
the results that they obtain with one ap-
proach. You might tell the students that
these are examples of systems of equations,
more specifically, systems of two equations
in two variables.

4. Throughout this activity, graphs can be
displayed by the students on the overhead
graphing calculator when they share their
approaches.

Here are some sample solution approaches.

A. Using a graphing calculator, and zooM-
ING-IN, the TRACE function yields this solu-
tion estimate (—1.01, 1.97). The calculator
suggests that the lines cross at, or very near,
x=-1.Infact, when x = -1, y; =4 + 2(-1)
=2and y; =-1 + 3 = 2, so the lines meet at
exactly the point (-1, 2).

A sketch for system A might look like this:

[ m
xX+3

Removing like pieces

/> suggests that

X+ 1 =0
[ 1= ¥
X = -1

There are other possible Algebra Piece
solutions.

Continued next page.
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Vo =—4+ x2

yy=4-x2

(_2! O)

Using a sketch

So,

0 G A
4 4
k] k]

Gl

PN

(2,0)

£x
38

|
I

4, Continued.

B. Graphing on a standard graphing calcu-
lator window suggests that these two
graphs cross one another on the x-axis at
(=2, 0) and (2, 0). Note: On some calcula-
tors, the trace function will show exactly
(2, 0) for the intersections. On other calcu-
lators a decimal approximation such as
(2.01, —.03), which is very close to (2, 0),
will appear on the TRACE.

Y,

+ x2

711/

U, U

The edges are
X=20rx=-2.

Continued next page.
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[ 1#
¥
1

3x-2 =

Y, =4x2—3x + 2

Yi=2x+7

1%

3x+ 1

Here is an example
of an Algebra Piece
solution for part D.

2x+ 7

This would
hold only if

_
-2 =1

since we can

remove 3x

from each pile.

y1=3x-2

4. Continued.

C. There is no value of x for which these
two arrangements will be equal. We can
verify this on a graphing calculator as these
two lines have the same slope and will
never intersect. You might want to have
students verify this on the calculator by
ZOOMING-OUT to a larger scale. Sometimes
graphs do intersect, but we might not catch
the intersection in the particular window we
are using.

D. Using a graphing calculator we obtain
an estimate for one intersection point at
(-.638, 5.72). The other intersection point
is off the screen in this window. Students
may need to be reminded to change the x
and y min/max ranges in the WINDOWS menu
to find the other intersection point. The
exact algebraic solution for part D is a bit
messy. It will depend on your students as to
how far you wish to explore it. Using Alge-
bra Pieces to complete the square for this
quadratic equation, we find that these
graphs do not cross each other at exact
whole numbers or even at exact fractional
(rational) number points. The solutions are
at irrational numbers in this case.

HEE

HER

4x2 -3x + 2

Continued next page.
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Trading x-frames and beginning to
arrange into a square, we obtain:

_JEENE
HER HEEE

4x2 -5x+2

 Conmens

4. Continued.

We find we must cut the remaining —x-frame and the tile, to form a
square. The extra —x-frame is cut into —'4 strips, and the tile must be cut
into Y strips, and then into 46 pieces to make a square. The square will

then be 2x — %4 on each side.

[ ooy I 193 et T 1T 1T —=

[T

|

2x - )2 = 9 6
o 2x-3) J_r,/s1

- gx_§——>

e
2]

< +f6l >

The square on the right will have edges either + 6% 2 +2.56. Students
may wish to work through order of operation on a calculator for this.

Thus, 2x—1.25 =2.56 so 2x = 3.81, or 2x— 1.25 = -2.56 so 2x=—1.31.

[T EMl<g — ©
|

+ — = 7
52 _ @9
So, (2x-3)" =65

The graphs cross at approximately x = 1.95
and x = —-.655. When x = -.655, y; =
2(—.655) + 7 = 5.69 = y,. When x = 1.95,

¥1 =2(1.95) + 7=10.9 = y,. Thus, the two
points of intersection for these graphs occur
at (—.655, 5.69) and (1.95, 10.9), approxi-
mately. Remind the students that these are
rational approximations to irrational solu-
tions. This example may help to show how
useful the graphing calculator is for finding
approximate solution points quickly. Note
that the TRACE function obtained x = —.638,
which is quite close to the Algebra Piece/
symbolic solution x = —.655.
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5. Pass out copies of Master 2. Ask the groups to create
some problems from this situation, then have groups share
the problems they have posed.

6. Ask the students to focus in their groups on the question
“Who would be favored to win a 100 meter race, the man or
the child?” When the students are ready, ask them to share
their approaches to this problem.

Comments

child man
seconds | meters seconds | meters
0 30 0 0
5 30 +20=50 3 20
10 70 6 40
15 90 9 60
child man
seconds | meters seconds | meters
0 30 0 0
1 34 1 6%
2 38 2 13%
3 42 3 20
10 70 9 60
1 74 10 66%
12 78 1 73%
ol e | aon
14 86
15 a0 14 93%
H 16 94 15 100
' 17 98
| 18 102
7= | XI-5 Master 3
R e i R S A A S ,
___4___.___4,,_L__4,,~L__,.u__;»-..--A‘___..__a___.___.,: ______________ E
f--a---r--a---r-- A T e L T EEET TR
; o

s s s ¢ ' ' ' '

' ' « ' i ' ' ' ' ' ' ' ' ) : '
100F--2---c-- S S G U S [T [N R P 9--2-- -
' v [ ' ' " ' ' v ' v v v ' '

' ' ' ' ' ) v ' ' s ' ' ' ' v
' ' ' ' ' | ' ) ) i

XI-5 Master 5

5. Students may wonder if this if a fair head
start for the child, for example. Some pos-
sible questions might include: “Who would
win a 50 meter race?” “Who would win a
100 meter race?” “When would the man
catch the child?” If questions like these
don’t arise in the groups, you might suggest
some of them.

6. This particular problem is just a sugges-
tion. There may be a question that the stu-
dents raised themselves that would be more
interesting to them than this particular one.
The students can be encouraged to use
anything they want to solve this problem.
Some of them might like to make tables of
values. Some might graph the distances
traveled by both runners at various time
intervals. If the students don’t think of this,
you might suggest it to them. Transparen-
cies made from Masters 3 and 4 may be
helpful after the students have shared their

~ own approaches to the problem. Some

students may find it helpful to determine
how far each runner travels in one second,
and use that information in a table or a
graph:
Child—20 meters in 5 seconds is 4 meters
in 1 second.
Man—20 meters in 3 seconds is 2%
meters in 1 second, or 623 meters in 1
second.

The tables and/or graph show that the man
catches up to the child somewhere between
11 and 12 seconds. Also, at 12 seconds, the
man js at the 80 meter mark, and the child
is at the 78 meter mark, so the man is fa-
vored at 100 meters.
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7. What race length would be “fair” for these runners?

8. Ask the students to write a general expression (equation)
for the number of meters (m) the child has moved from the
starting line in (s) seconds, and also for the number of
meters (m) that the man has moved from the starting line in
(s) seconds. Ask for volunteers to share their expressions.
When the students have settled on some expressions for the
distances traveled by the man and the child, ask them to
graph these expressions on their graphing calculators, and to
use the calculator to find a fair race length for these runners.

TRACE ON

graphing calculator window
xmin0 xmax20

ymin0 ymax 150

y, =30 + 6x

¥, = 6.66x

After several zoom-iNs and TRACE.

Comments

7. In order to find the race length that
makes the 30 meter head start fair, students
will need to know where the two graphs
cross, or where the tables will have the
same values. They may do some eyeballing
on the graphs, or calculate some approxi-
mations using 4 meters per second for the
child, and 6'/3 meters per second for the
man.

8. This process may take some time. Ask
students to test out their expressions for
various numbers of seconds to see if the
meters traveled makes sense. For example,
their expression for the child should yield
50 meters at 5 seconds (the initial 30 plus
20 more), 70 meters at 10 seconds, and so
forth. Any tables or graphs they made in
Action 5 may be helpful in determining
how far the runners go in 1 second.

One possible pair of expressions is child
meters = s X 4 + 30, man meters = s X 6%3.

The students can set y; = 4s + 30 for the
child and y, = (6%4)s or y, = 6.666s for the
man, graph the equations, and use trace to
find out where they cross. You might wish
to have them create an Algebra Piece
sketch of a solution as well. Notice that the
students will have to experiment with the
window values so that they can get the
intersection point to appear in the window
of the graphing calculator. If they use a
standard window, the intersection is likely
to be off the screen. If their calculators have
a TABLE key, extended tables of values for
each of the two expressions are automati-
cally generated for the equations entered,
and students can look through the tables for
the place(s) where the running distances are
nearly equal. (See diagrams to the left.)

Thus, a “fair” race appears to be about 75
meters. A follow-up question for students
might be, “How much of a head start does
the child need for 100 meters to be fair?”
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9. Pass out a copy of Activity Sheet XI-5 to each student.
Ask them to use any approach they wish on these problems,
and to write up a problem-solving summary for each prob-
lem. Ask groups of students to present their approaches to

the whole class.

Miles
Driven

Cost
WHT

10
20

50

100

st
$12

$15
. Graph Key

@ - Cost of WHT
[ - Cost of RAW

$20

D% s
MILES DRIVEN ————~———“——t=——t——

XI-5 Master 6

Comments

9. These problems could be used in class,
and/or as part of an extended homework
activity. A problem-solving summary could
include written information on how the
students thought about the problem, various
strategies they tried, any places they felt
stuck or where an “aha” occurred, their
solution attempts, and a reflection on what
they learned in the problem. Students can
be encouraged to write general expressions
for each of the situations, and to use the
graphing calculator to graph these general
expressions. They may wish to use Algebra
Pieces and/or symbolic approaches to get
an exact solution for the questions they
raise. You may want to pick and choose
from among the situations on Activity
Sheet XI-5, as each one will take some
time.

Situation 1). Examples of questions for the
Car Rental situation: How much does it
cost to drive each vehicle 10 miles? 20
miles? etc. Which one has the better deal
for 100 miles? Is there a number of miles
for which the cost will be the same for both
companies?

In the car rental situation, students might
ask which is the better deal. Since this
depends on the number of miles driven, you
might ask which is the better deal if we
drive 50 miles? If we drive 500 miles?
Students might make a table of values, or a
graph of the values. Use a transparency of
Master 5 to show part of a table of values
and part of the graph of those values for the
cost of each rental car depending on the
miles driven. This may help students see
that, for a long mile span, the cost of RAW
is lower than WHT. Students can extend
the table or the graph to find where the two
companies would cost the same, at 200
miles both cost $30. Below 200, WHT is
better, while above 200, RAW is a better
deal.

Writing general expressions for the cost of
each car depending on the number of miles
driven is a worthy goal in the car rental
problem.

RAWS$ =510+ .10xm

WHTS$ = .15 X m, where m is the number

of miles driven.

Continued next page.
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9. Continued. Once general expressions are

TRACE 0N written for the miles driven, students can
graphing calculator window use a graphing calculator. Students will
xmin0 xmax 300 have to explore changing the size of the
ymin0 ymax 50 viewing winpow order to see where the

graphs of these two car rental situations
actually cross. If their graphing calculators
have a TaBLE function, students can also use
this feature to find the miles driven when
the two companies will cost the same.
WHT
You might discuss with students the advan-
tages and/or disadvantages of each ap-
proach to this problem: tables, making a
graph by hand, or using a graphing calcula-
tor.

RAW

TRACE on, graphing calculator window
after several zoom-INs.

WHT

RAW-L

Situation 2). Examples of pizza questions:
If they sell 100 pizzas, how much money
will they make or lose that day? How many
pizzas do they need to sell in a day in order
to make money?

Some students might work with profit on
pizzas, and figure out how many $4.50’s
they need to make up $100. This could be
done with a table, or some students might
divide, or find some other way of keeping

TRACE ON track of how many $4.50’s fit in $100. If
graphing calculator window students approach the problem this way,
xmin0 xmax 50 you might ask them to write a general ex-
ymin0 ymax 200 pression for the amount of money made if

they sell P pizzas at $4.50 a piece.

Profit = $4.50 x P. Then, ask students to
graph this on a graphing calculator, and to
use the calculator to verify the number of

y=4.5x pizzas needed to cover the $100 cost.

A graphing calculator window for y = 4.50x
might look like the illustration to the left.

This suggests that Saucey needs to
sell at least 23 pizzas to make money

on one day. :
Y Continued next page.
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- revenue =7

cost=100+2.5

Expression for daily cost of pizzas:
Cost = $100 + 2.50P.

Expression for daily revenue of pizzas:
R=$7P.

TRACE ON

graphing calculator window
xmin 0 x max 50 (pizzas)
ymin0 ymax 500 (dollars)

This suggests Saucey would have to sell

at least 23 pizzas to make money on any

day. Possible follow-up: How much would
they make if they sold 100 pizzas?

elevated tee
seconds height in feet height in feet
b's y; =80x—16x2 | y, = 80x— 16x2+ 20

0 0 20
0.5 36 56
1.0 64 84
1.5 84 104
2.0 96 116
25 100 120
3.0 96 116
35 84 104
4.0 64 84
45 36 56
5.0 0 20
5.5 —44 -24

9. Continued. Other students may wish to
make separate tables of values and graphs
for the cost of making pizzas and for the
money they collect from selling the pizzas
(the total revenue).

Encourage the students to write a general
expression for the cost of n pizzas and for
the revenue from n pizzas.

Once they have general expressions writ-
ten, they can graph both the cost expression
and the revenue expression on graphing
calculators. You might ask how the graph-
ing calculator can show us the number of
pizzas that Saucy must sell to make money
in one day.

Situation 3). Examples of golf ball ques-
tions: How high is the golf ball in 1 second,
2 seconds, etc.? At what time does the golf
ball reach its highest point? How long does
it take before the golf ball hits the ground?
How high up is the loft for the elevated
tees? Where did those formulas come
from?

Making a table of values from the expres-
sions for height of the golf ball can be te-
dious for middle school students. If their
graphing calculators have a TABLE function,
students can look at the table after they
enter the equation on the calculator. Such a
table might look like the one on the left and
is on Master 6.

The table suggests the ball reaches a high
point after 2.5 seconds, and then starts back
down again. You might ask the students
when the ball hits the ground, does the table
help? Also, you might ask them what they
think about those negative heights. Some
equations only make physical sense for a
certain range of values.

Continued next page.
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TRACE ON

graphing calculator window
xmin0 xmax 10

ymin0 ymax 150

Yo

Vi

x=2.55

¥, = 99.95
Y, =119.95

x=5
y;=0

x=5.24
Y, =—.06

¥y = 80x— 16x2

Vo = 80x— 16x2 + 20
The elevated ball stays
20 feet higher, and hits
the ground about a
guarter second later.

10. Discuss with the students the relative advantages and
disadvantages of various approaches to solving the problems
that were used throughout this activity. For example, tables,
Algebra Pieces, graphs by hand, and graphing calculator
approaches all were used to help us solve these problems.
What is lost or gained in each of these approaches?

9. Continued. Plotting both equations on a
graphing calculator, we can find the high
point of the golf ball and the time when the
ball hits the ground for each graph using
the TRACE key. The students will need to
experiment with the window size in order
to get the entire graph on the window.
Looking at the table of values first, before
graphing, can help students get a feel for
the needed window range. You might ask if
the students notice anything about the two
graphs. How do they compare? (Same
shape, one is always 20 feet higher than the
other, takes longer for the elevated ball to
hit the ground, etc.) The numbers in the
equations, the coefficients of the variables,
have physical significance. The “80” means
the golf ball rises 80 feet/sec when it is first
hit. On the other hand, the “~16" is the
effect of the deceleration due to the earth’s
gravity on the golf ball, it slows the height
gain of the ball over time and eventually the
ball starts to descend. The “20” in the ele-
vated tee equation is the height of the ball
at time 0, so the elevated tee is 20 feet up.

10. The visual representation with the Alge-
bra Pieces helps us to “see” the solution.
On the other hand, an Algebra Piece sketch
can become somewhat messy, like part D in
Action 4. Making tables or plotting graphs
by hand can help us begin to get a rough
idea about solutions, but we may need a
more complete graph to get a better approx-
imation to the answer, as in the problem
with the two runners. The graphing calcula-
tor can show us the complete graph, and we
can find close approximations using a
TRACE.

On the other hand, sometimes it is difficult
to know what values we should set for the
WINDOW ranges in order to see the graph in
the graphing calculator window (as in the
golf ball problem). Using tables can help us
find benchmark values to put in for our
graphing windows, on the other hand,
sometimes making tables by hand is te-
dious. A TABLE key on a graphing calculator
can make table building more efficient. It is
valuable for students to realize there are
various approaches to solving problems that
involve general expressions. These ap-
proaches include tables, Algebra Pieces,
graphs by hand, graphing calculators, and
purely symbolic approaches.
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A) yi1=4+2x

B) y1=4-x2
C) y1=3x-2
D) y1i=2x+7

XI-5 Master 1

Yo=X+3

y2=—4+ x?

y2=3x+1

yo=4x2-3x+ 2

©1996, The Math Learning Center



A man and his child are racing one another on a
track.

The man can run 20 meters in 3 seconds.
His child can run 20 meters in 5 seconds.

They decide to give the child a 30 meter head start.

Make up some questions based on this situation.

Share and record your questions in your group.

XI-5 Master 2 ©1996, The Math Learning Center



child man
seconds | meters seconds | meters
0 30 0 0
5 30 +20=50 3 20
10 70 6 40
15 90 9 60
child man
seconds | meters seconds | meters
0 30 0 0
1 34 1 624
2 38 2 1314
3 42 3 20
10 70 9 60
13 82 12 80
16 94 15 100
17 98
18 102

XI-5 Master 3 ©1996, The Math Leaming Center
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elevated tee

seconds height in feet height in feet

X y1=80x—-16x2 | y» =80x—16x2 + 20
0 0 20

0.5 36 56

1.0 64 84

1.5 84 104

2.0 96 116

2.5 100 120

3.0 96 116

3.5 84 104

4.0 64 84

4.5 36 56

5.0 0 20

5.5 -44 -24

X|-5 Master 6

©1996, The Math Learning Center




Activity Sheet XI-5
Name

Pose some questions about each of the following situations and then answer

them using any approach that you wish. Write up a problem solving summary for
each situation.

1) The Rent-a-Wreck (RAW) and the We Hardly Try (WHT) car rental companies
are competing for business and change their prices as follows:

WTH has an initial rental charge of $10 and then charges $.10/mile.

RAW eliminates the initial rental charge altogether but charges $.15/mile.

2) The Saucy Pizza company is currently charging $7 for their
pizzas. The ingredients and labor for each pizza they make cost $2.50. Each day

that the company operates costs them $100 in overhead (lights, water, heat,
rent, etc.).

3) The U-Drive-It golf range claims that the height (H) in feet above the ground
of a golf ball at (T) seconds after their pro hits it can be determined from the ex-

pression

H=80T-16T2

They also claim that when the ball is hit from their elevated loft tees that the
height can be determined by

H=80T-16T2 +20

©1996, The Math Learning Center
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Activity Sheet XI-1-A
Name
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Activity Sheet XI-1-B
Name
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Observations about the graph:
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Activity Sheet XI-1-C
Name y
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Observations about the graph:
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Activity Sheet XI-1-D
Name

v(n)
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41 -10 19 -8 -7 6 -5 -# -8 -2 -1 1

X vy(n) = 0 v,(n)=
Observations:
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Activity Sheet XI-1-E
Name

v(n)
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Activity Sheet XI-1-F
Name
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Name Activity Sheet XI-2
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v(x)=-3x+5
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1) y=-3x+5 ) y=x+5
2) y=—-x+5 4) y=3x+5
1) y=-3x+5 ) y=-3x+2
2) y=-3x-5 4) y=-3x-2
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v(ix)=x2-4
v(x)
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1)y=x2-6 3) y=—-(x2-6)
2) y=x2+6

1) y=4x2 3) y =—4x2

2) y="1,x? 4) y = -y x2

XI|-4 Master 4
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v(x)

v(x)

Xi-4 Coordinate Graph Paper ©1996, The Math Learning Center



A) yi=4+2x

B) y1=4-x2
C) y1=3x-2
D) y1=2x+7

XI-5 Master 1

Voa=X+3

}’2=—4+X2

V2a=3x+1

y2=4x%2-3x+2

©1996, The Math Leamning Center



A man and his child are racing one another on a
track.

The man can run 20 meters in 3 seconds.
His child can run 20 meters in 5 seconds.

They decide to give the child a 30 meter head start.

Make up some questions based on this situation.

Share and record your questions in your group.

XI-5 Master 2 ©1996, The Math Leaming Center



XI-5 Master 3

child

seconds | meters
0 30
5 30 +20=50
10 70
15 90
child
seconds | meters
0 30
1 34
2 38
3 42
10 70
11 74
12 78
13 82
14 86
15 90
16 94
17 98
18 102

man
seconds | meters
0 0
3 20
6 40
9 60
man
seconds | meters
0 0
1 624
2 13V
3 20
9 60
10 66253
1 7315
12 80
13 8614
14 9324
15 100

©1996, The Math Learning Center
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elevated tee

seconds height in feet height in feet

X y1=80x—16x2 | y» =80x-16x2 + 20
0 0 20

0.5 36 56

1.0 64 84

1.5 84 104

2.0 96 116

2.5 100 120

3.0 96 116

3.5 84 104

4.0 64 84

4.5 36 56

5.0 0 20

5.5 -44 -24

XI|-5 Master 6

©1996, The Math Learning Cen

ter




.
Activity Sheet XI-5

Name

Pose some questions about each of the following situations and then answer

them using any approach that you wish. Write up a problem solving summary for
each situation.

1) The Rent-a-Wreck (RAW) and the We Hardly Try (WHT) car rental companies
are competing for business and change their prices as follows:

WTH has an initial rental charge of $10 and then charges $.10/mile.

RAW eliminates the initial rental charge altogether but charges $.15/mile.

2) The Saucy Pizza company is currently charging $7 for their
pizzas. The ingredients and labor for each pizza they make cost $2.50. Each day

that the company operates costs them $100 in overhead (lights, water, heat,
rent, etc.).

3) The U-Drive-It golf range claims that the height (H) in feet above the ground
of a golf ball at (T) seconds after their pro hits it can be determined from the ex-
pression

H=80T-16T2

They also claim that when the ball is hit from their elevated loft tees that the
height can be determined by

H=80T-16T2 +20

©1996, The Math Learning Center
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